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1. Introduction
Conformal blocks are essential ingredients for calculations of observables, that is correlation func-
tions, in conformal field theories (CFTs). A CFT is completely specified by its spectrum of
primary operators and its operator product expansion (OPE) coefficients. This set of numerical
data is often referred to as the CFT data. Two- and three-point functions are given pretty much
directly in terms of the CFT data. However, correlation functions with more than three points
depend on the invariant cross-ratios and such dependence is encoded by the conformal blocks.
The higher-point functions are constructed from the CFT data and appropriate conformal blocks.
Even though conformal blocks are prescribed by the conformal symmetry computing blocks
is far from straightforward. Various methods for obtaining the blocks have been developed over
the years. These include solving the Casimir equations [1], the shadow formalism [2], weight-
shifting [3], integrability [4], utilizing the AdS/CFT correspondence [5, 6], and using the OPE
[7–13]. Various additional results for conformal blocks are in [14].
Vast majority of the results on conformal blocks, mentioned above, are devoted to four-point
blocks as these have been used in the conformal bootstrap program [15]. The four-point blocks are
also the simplest. So far, the only results for more than four points are in [16–18]. In [16] M -point
scalar blocks are derived in d = 1, 2 while for arbitrary d a five-point block is computed. These
blocks are obtained in a specific configuration, termed the comb channel in [16]. We examine
the same channel here. Five-point blocks are also obtained in [17]. Higher-point correlation
functions are interesting because of the AdS/CFT correspondence as blocks correspond to AdS
diagrams. Higher-point blocks may also be useful for the conformal bootstrap program where it
may be possible to explore unitarity in higher-point channels and perhaps to reformulate bootstrap
equations for spinning particles in terms of higher-point functions with scalars.
In this article, we derive M -point blocks of scalar operators in the comb channel by using the
OPE in the embedding space. We rely on the method developed in [8, 10, 11]. The OPE relates
an M -point block to an (M − 1)-point one, so one can recursively build up higher-point functions
starting from the ones with fewer points. The action of the OPE on the most general expression
that can appear in an M -point block has been explicitly computed in [10,11]. The OPE used there
was formulated using a convenient choice of a differential operator in the embedding space that
made calculations manageable. This formalism allows for treatment of operators in non-trivial
Lorentz representations, but here we consider only scalar operators in both external and exchange
positions. Examples of four-point conformal blocks containing operators with spin derived using
the OPE formalism are in [13].
Since the action of the OPE on correlation functions with arbitrary M is known the explicit
application of the OPE is no longer needed. We employ the prescription from [11] to obtain
recursion relations that lead to conformal blocks.
This article is organized as follows. We start in Section 2 by reviewing the most important
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features of the OPE approach. We then discuss our choice of conformal invariants for M -point
blocks. There are M(M−3)/2 independent cross-ratios, but their choice is not unique. We choose
the cross-ratios such that when some external coordinates coincide, usually referred to as the OPE
limit, relations between the cross-ratios in such limits are simple. The recurrence relation that
leads to M -point blocks and its solution are presented in Section 3. In Section 4, we perform
consistency checks on our result in several ways. Such checks are important as both a validation
of the method in [11], that has not been used beyond four-points previously, and also to simply
verify non-trivial algebra. First, we confirm that when the dimension of an external operator is
taken to zero, corresponding to substituting such an operator with the identity, M -point result
reduces to that for (M−1)-points. Next, we verify that for M = 5 our results match those in [16].
Lastly, we consider our results in the d = 1 limit, in which case there are only M −3 independent
cross-ratios. Again, we find agreement with [16]. We conclude in Section 5.
2. Higher-Point Conformal Blocks
Starting from any correlation function, it is technically straightforward to use repetitively the OPE
to compute the necessary higher-point conformal blocks appearing in the correlation functions.
After a quick review of the OPE, this section introduces the scalar higher-point conformal blocks
in the comb channel up to a function that will be determined in the next section.
2.1. M -Point Correlation Functions from the OPE
In [11], the general OPE in embedding space was determined to be
Oi(η1)Oj(η2) =
∑
k
Nijk∑
a=1
ac
k
ij aD
k
ij (η1, η2)Ok(η2),
aD
k
ij (η1, η2) =
1
(η1 · η2)pijk
(T N i12 Γ)(T
Nj
21 Γ) · at
12k
ij · D
(d,hijk−na/2,na)
12 (T12NkΓ)∗,
pijk =
1
2
(τi + τj − τk), hijk = −
1
2
(χi − χj + χk),
τO = ∆O − SO, χO = ∆O − ξO, ξO = SO − ⌊SO⌋,
(2.1)
The notation is explained at great length in [11] and used to compute correlation functions up to
four points in [12, 13]. Obviously, arbitrary M -point correlation functions can be obtained from
the OPE by using (2.1) repetitively. For example, from the OPE M -point correlation functions
can be computed from the (M − 1)-point correlation functions as follows,
〈Oi1(η1) · · · OiM (ηM )〉 = (−1)
2ξi1 〈Oi2(η2) · · · OiM (ηM )Oi1(η1)〉 ,
= (−1)2ξi1
∑
k
∑
a
ac
k
iM i1 a
D kiM i1 (ηM , η1)
〈
Oi2(η2) · · · OiM−1(ηM−1)Ok(η1)
〉
.
(2.2)
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I
(∆i2 ,...,∆iM ,∆i1)
M
= Oi2 Oi1
Oi3 Oi4
· · ·
OiM−1 OiM
Fig. 1: Conformal blocks in the comb channel.
Clearly, iterating (2.2) M − 1 times leads to M -point correlation functions written in terms
of differential operators at the embedding space coordinate η1 acting on one-point correlation
functions at the same embedding space coordinate η1, which corresponds to the comb channel
(see Figure 1) with the correlation functions
I
(∆i2 ,...,∆iM ,∆i1)
M = 〈Oi2(η2) · · · OiM (ηM )Oi1(η1)〉 . (2.3)
In the following, we will focus on scalar operators only, with scalar exchange only, leading to the
scalar M -point conformal blocks in the comb channel.
2.2. Scalar M -Point Correlation Functions in the Comb Channel
To proceed, we first introduce the invariant cross-ratios as
uMa =
(η1+a · η2+a)(η3+a · η4+a)
(η1+a · η3+a)(η2+a · η4+a)
, 1 ≤ a ≤M − 3,
vMab =
(η2−a+b · η4+b)
(η2+b · η4+b)
∏
1≤c≤a
(η3+b−c · η4+b−c)
(η2+b−c · η4+b−c)
, 1 ≤ a ≤ b ≤M − 3,
(2.4)
with ηM+1 ≡ η1. The choice (2.4) is suggested by the OPE limits ηM → η1 and η2 → η3, which
lead to the relations
uMa → u
M−1
a , 1 ≤ a ≤M − 4,
uMM−3 → 0,
vMab → v
M−1
ab , 1 ≤ a ≤ b ≤M − 4,
vM1,M−3 → 1,
vMa,M−3 → v
M−1
a−1,M−4, 2 ≤ a ≤M − 3,
(2.5)
when ηM → η1, and
uM1 → 0,
uMa → u
M−1
a−1
∣∣∣
η1→η1,ηb→ηb+1
, 2 ≤ a ≤M − 3,
vM11 → 1,
vMaa → v
M−1
a−1,a−1
∣∣∣
η1→η1,ηb→ηb+1
, 1 < a ≤M − 3,
vMab → v
M−1
a,b−1
∣∣∣
η1→η1,ηc→ηc+1
, 1 ≤ a < b ≤M − 3,
(2.6)
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when η2 → η3, respectively.
Then, the contribution of fully scalar exchanges in correlation functions (2.3) of all scalars is
of the form
I
(∆i2 ,...,∆iM ,∆i1)
M =
(
ηM−1,M
η1,M−1η1M
)∆i1/2( η34
η23η24
)∆i2/2 ∏
1≤a≤M−2
(
ηa+1,a+3
ηa+1,a+2ηa+2,a+3
)∆ia+2/2
×

 ∏
1≤a≤M−3
(uMa )
∆ka/2

G(d,h;p)M (uM ,vM ),
(2.7)
where the conformal blocks are
G
(d,h;p)
M (u
M ,vM ) =
∑
{ma,mab}≥0
(p3)m1+tr0m(p2 + h2)m1+tr1m
(p3)m1+tr1m
F
(d,h;p)
M (m)
×

 ∏
1≤a≤M−3
(pa+2 −ma−1)ma+tram(p¯a+2 + h¯a+2)ma+ma+1+m¯a+m¯a
(p¯a+2 + h¯a+1)2ma+m¯a−1+m¯a+m¯a
×
(−ha+2)ma(−ha+2 +ma −ma+1)m¯a−1
(p¯a+2 + h¯a+1 + 1− d/2)ma
(uMa )
ma
ma!
]∏
a,b
b≥a
(1− vMab )
mab
mab!
,
(2.8)
with
tram =
∑
b
mb,a+b, m¯a =
∑
b≤a
mba, m¯a =
∑
b>a
(m¯b − trbm).
Here, m is the vector of ma with 1 ≤ a ≤ M − 3 which are the powers of the vector of u
M
a
denoted by uM . Meanwhile, m is the matrix of mab with 1 ≤ a ≤ b ≤ M − 3 which are the
powers of the matrix of vMab denoted by v
M , where it is understood that any ma or mab outside
these ranges are 0.
The quantities p and h, which are related to the OPE differential operators in embedding
space (2.1), are given explicitly in terms of the conformal dimensions by
p2 = ∆i3 , 2p3 = ∆i2 +∆k1 −∆i3 , 2pa = ∆ia +∆ka−2 −∆ka−3 ,
2h2 = ∆k1 −∆i2 −∆i3 , 2ha = ∆ka−1 −∆ka−2 −∆ia+1 ,
with kM−2 = i1, p¯a =
∑a
b=2 pb and h¯a =
∑a
b=2 hb. Meanwhile, the conformal dimensions of the
exchange scalar operators are denoted by ∆ka. The general form of the conformal blocks (2.8) is
determined from the OPE limits as we argue below.
2.3. OPE Limits
The rationale behind the pre-factor in (2.7), apart from the necessary homogeneity condition,
comes from the property that under the OPE limits ηM → η1 and η2 → η3, the conformal blocks
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transform as
G
(d,h;p)
M (u
M ,vM )→ G
(d,h′;p′)
M−1 (u
M−1,vM−1),
p′a = pa, 2 ≤ a ≤M − 1,
h′a = ha, 2 ≤ a ≤M − 2,
(2.9)
when ηM → η1 from (2.5) and
G
(d,h;p)
M (u
M ,vM )→ G
(d,h′;p′)
M−1
(
uM−1
∣∣
η1→η1,ηa→ηa+1
, vM−1
∣∣
η1→η1,ηa→ηa+1
)
,
p′2 = p4 − h3, p
′
3 = p¯3 + h¯3,
p′a = pa+1, 4 ≤ a ≤M − 1,
h′a = ha+1, 2 ≤ a ≤M − 2,
(2.10)
when η2 → η3 from (2.6), respectively.
It is important to note that the OPE limits above, together with the limit of unit operator
discussed below in Section 4.1, allow the construction of the scalar M -point conformal blocks up
to yet unspecified function F
(d,h;p)
M (m). Indeed, by implementing the OPE limits and demanding
that the scalar M -point conformal blocks match the scalar (M − 1)-point conformal blocks with
the proper parameters, the overall form of the blocks with the specific forms for the Pochhammer
symbols is determined up to the function F
(d,h;p)
M (m). This is straightforward to verify by starting
from the special u cross-ratio that vanishes and the special v cross-ratio that becomes one. Indeed,
these two cross-ratios must have vanishing exponents which lead to the form (2.8) by consistency.
In summary, demanding that the conformal blocks G and the function F behave properly
under the OPE limits and the limits of unit operator, i.e. they reduce to their form with one less
point, the form of the conformal blocks G is settled up to the function F .
3. Function F
(d,h;p)
M (m)
Using the form (2.8) and the OPE (2.1), it is straightforward to obtain a recurrence relation for
the function F
(d,h;p)
M (m). In this section, this recurrence relation is found, proving that the scalar
M -point conformal blocks (2.8) in the comb channel are correct with the function F
(d,h;p)
M (m)
given by
F
(d,h;p)
M (m)
=
∏
1≤a≤M−4
3F2({−ma,−ma+1,−p¯a+2 − h¯a+1 + d/2−ma}; {pa+3 −ma;ha+2 + 1−ma}; 1).
(3.1)
Note that there are M − 4 sums in (3.1) and F
(d,h;p)
4 (m) = 1. The boundary condition, which is
directly obtained from the known four-point conformal blocks, will lead to the result (3.1).
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3.1. OPE Differential Operator
From the OPE, the scalar contributions to the correlation functions are related by
I
(∆i2 ,...,∆iM ,∆i1 )
M =
1
ηpM1M
(
η2Mη3M
η1Mη23
)hM−1
D¯
2hM−1
M1;23;2I
(∆i2 ,...,∆iM−1 ,∆kM−3 )
M−1 ,
where the action of the OPE differential operator is1
D¯
2hM−1
M1;23;2(x
M
2 )
q¯
∏
3≤a≤M−1
(1− yMa )
−qa
= (xM2 )
q¯+hM−1
∑
{na,n2a,nab}≥0
(−hM−1)n¯m+n¯(q2)n¯m(q¯ + hM−1)n¯−n¯
(q¯)n¯+n¯m(q¯ + 1− d/2)n¯m+n¯
×
∏
3≤a≤M−1
(qa)na
n2a!(na − n2a − n¯a)!
(yMa )
na
(
xM2 z
M
2a
yMa
)n2a ∏
3≤a<b≤M−1
1
nab!
(
xM2 z
M
ab
yMa y
M
b
)nab
,
(3.2)
on the cross-ratios
xM2 =
η1Mη23
η12η3M
,
yMa = 1−
η1aη2M
η12ηaM
, 3 ≤ a ≤M − 1,
zMab =
ηabη2Mη3M
η23ηaMηbM
, 2 ≤ a < b ≤M − 1.
(3.3)
In the equations above, q¯ =
∑M−1
a=2 qa and
n¯ =
∑
3≤a≤M−1
na, n¯2 =
∑
3≤a≤M−1
n2a,
n¯a =
∑
3≤b≤M−1
b6=a
nab, n¯ =
∑
3≤a<b≤M−1
nab.
The action of the OPE differential operator (3.2) on the cross-ratios (3.3) was obtained in [11].
Clearly, it is necessary to determine the cross-ratios (2.4) in terms of the cross-ratios (3.3) and
vice-versa. From their definitions, these relations are given by
uM−1M−4 =
1− yMM−1
1− yMM−2
zMM−3,M−2
zMM−3,M−1
,
vM−1a,M−4 =
1− yMM−2−a
1− yMM−2
∏
1≤b≤a
zMM−2−a+b,M−1−a+b
zMM−3−a+b,M−1−a+b
,
(3.4)
1Note that the OPE conformal differential has been re-scaled compared to the one defined in [11].
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and
xM2 =
1
vMM−5,M−4v
M
M−3,M−3
∏
1≤a≤M−3
ua,
yMa = 1−
vMM−1−a,M−3v
M
M−4,M−4
vMM−2−a,M−4v
M
M−3,M−3
, 2 ≤ a ≤M − 2,
yMM−1 = 1−
vMM−4,M−4
vMM−3,M−3
,
zM2a =
vMa−4,a−4v
M
M−5,M−4
vMM−2−a,M−4
∏
1≤b≤a−3
1
ub
, 4 ≤ a ≤M − 1,
zM3a =
vMa−5,a−4v
M
M−4,M−4
vMM−2−a,M−4
∏
1≤b≤a−3
1
ub
, 4 ≤ a ≤M − 1,
zMab =
vMb−a−2,b−4v
M
M−5,M−4v
M
M−4,M−4
vMM−2−a,M−4v
M
M−2−b,M−4
∏
1≤c≤b−3
1
uc
, 4 ≤ a < b ≤M − 1,
(3.5)
respectively. It is now possible to obtain the recurrence relation for F
(d,h;p)
M (m).
3.2. Recurrence Relation
There are several steps for finding the recurrence relation. First, the original cross-ratios (2.4) are
expressed in terms of the cross-ratios (3.3) using (3.4). Second, we act with the OPE differential
operator as in (3.2), but re-express the cross-ratios (3.3) in terms of the original cross-ratios (2.4)
using (3.5). Finally, we re-sum as many sums as possible2 which leads to the following recurrence
relation for the function F
(d,h;p)
M (m),
F
(d,h;p)
M (m) =
∑
{ta,M−4}≥0
(−mM−3)tM−4,M−4
∏
a
(−ta,M−4)ta−1,M−4
ta,M−4!
×
∏
a
(−ma)ta,M−4(−p¯a+2 − h¯a+1 + d/2−ma)ta,M−4
(pa+3 −ma)ta,M−4(ha+2 + 1−ma)ta,M−4
F
(d,h;p)
M−1 (m− tM−4),
(3.6)
where tM−4 is the vector of ta,M−4 with 1 ≤ a ≤M − 4. The computation is straightforward yet
long, tedious, and not really illuminating. Hence it is not presented here.
Since the initial condition is F
(d,h;p)
4 (m) = 1, as obtained from the known four-point conformal
2Note that all sums are of the Gauss’ hypergeometric type 2F1(a, b; c; 1) =
Γ(c)Γ(c−a−b)
Γ(c−a)Γ(c−b)
for ℜ(c− a− b) > 0. This
relation is always satisfied since the re-summations are always finite, i.e. either a or b is always a negative integer.
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blocks, (3.6) leads to
F
(d,h;p)
M (m) =
∑
{tab}≥0
(−mM−3)tM−4,M−4
∏
a,b
b≥a
(−tab)ta−1,b
tab!
×
∏
a
(−ma)ta−1,a−1+t¯a(−p¯a+2 − h¯a+1 + d/2−ma)t¯a
(pa+3 −ma)t¯a(ha+2 + 1−ma)t¯a
.
(3.7)
Here t¯a =
∑
b≥a tab and the summation variables tab exist for 1 ≤ a ≤ b ≤ M − 4, with the
ones outside this range being set to 0. Note that there are (M − 4)(M − 3)/2 sums in (3.7) and
F
(d,h;p)
4 (m) = 1 as expected.
To get to the result (3.1), we keep the t¯a, which will become the summation index for the 3F2’s
appearing in (3.1), and re-sum all the remaining t’s, again using Gauss’ hypergeometric identities.
This thus proves that (2.8) with (3.1) is correct for the scalar M -point conformal blocks in the
comb channel.
4. Sanity Checks
Although the, somewhat lengthy, re-summations leading to the recurrence relation (3.6) are
straightforward, they nevertheless lead to a direct proof that the M -point conformal blocks in the
comb channel can be written as in (2.8). However, it is important to check the result in certain
limits. In this section several checks are described showing that our results are consistent.
4.1. Limit of Unit Operator
It is straightforward to check that under the limit ∆i1 → 0, i.e. when Oi1(η1)→ 1 with ∆kM−3 =
∆iM , and under the limit ∆i2 → 0, i.e. when Oi2(η2)→ 1 with ∆k1 = ∆i3 , the M -point conformal
blocks (2.8) reduce to the proper (M − 1)-point conformal blocks. Indeed, one has
G
(d,h;p)
M (u
M ,vM )→ G
(d,h′;p′)
M−1
(
uM−1
∣∣
η1→ηM
, vM−1
∣∣
η1→ηM
)
,
p′a = pa, 2 ≤ a ≤M − 2,
2p′M−1 = ∆iM−1 +∆iM −∆kM−4 ,
h′a = ha, 2 ≤ a ≤M − 3,
2h′M−2 = ∆iM −∆kM−4 −∆iM−1 ,
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when Oi1(η1)→ 1 and
G
(d,h;p)
M (u
M ,vM )→ G
(d,h′;p′)
M−1
(
uM−1
∣∣
η1→η1,ηa→ηa+1
, vM−1
∣∣
η1→η1,ηa→ηa+1
)
,
p′2 = ∆i4 , 2p
′
3 = ∆i3 +∆k2 −∆i4 ,
p′a = pa+1, 4 ≤ a ≤M − 1,
2h′2 = ∆k2 −∆i4 −∆i3 ,
h′a = ha+1, 3 ≤ a ≤M − 2,
when Oi2(η2)→ 1, respectively. Thus, the correlation function IM reduces directly to the proper
contributions to the correlation function IM−1. These relations are expected to be correct directly
from the OPE and were indeed used to fix the form of the Pochhammer symbols in (2.8), up to
the function F
(d,h;p)
M (m). For example, by setting the proper conformal dimension to zero and
relating the other conformal dimensions accordingly, one of the parameters in p or h vanishes
and some of the Pochhammer symbols in the original M -point conformal blocks constrain the
powers of the appropriate cross-ratios to vanish, leading to the (M − 1)-point conformal blocks,
as required.
Although it is not as simple, it is also possible to verify that the limit ∆iM−1 → 0 which
corresponds to OiM−1(ηM−1) → 1 reduces to the proper (M − 1)-point conformal blocks. As
before, such a proof necessitates standard Gauss’ hypergeometric type re-summations, but this
time it intertwines the sums from F
(d,h;p)
M (m) with the sums from G
(d,h;p)
M (m). Again, this proof
is straightforward yet long and tedious, and as such it is not shown here. Although we did not
verify it in all generality, we conjecture that all of the extra M−4 sums in the function F
(d,h;p)
M (m)
are required, and that they allow the proper reduction of the M -point conformal blocks to the
(M − 1)-point conformal blocks when any of the external operator is set to the unit operator.
Indeed, from the limit of unit operator, there are four operators for which the limit is trivial,
originating from the two associated OPEs.3 Hence, one is left with M − 4 operators where the
limit of unit operator is not straightforward. From the computation above where the sums from
F
(d,h;p)
M (m) and G
(d,h;p)
M (m) intertwine when OiM−1(ηM−1)→ 1, it seems logical to argue that the
remaining limits of unit operator Oij (ηj)→ 1 for 4 ≤ j ≤M − 1 necessitate an extra summation.
Hence, there would be a minimum of M − 4 extra sums necessary for M -point conformal blocks,
irrespective of the choice of cross-ratios.
3The four operators are Oi2(η2) and Oi3(η3) from the left endpoint of the comb and OiM (ηM ) and Oi1(η1) from
the right endpoint of the comb, as shown in Figure 1.
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4.2. Scalar Five-Point Conformal Blocks in Comb Channel
From (2.8), the scalar five-point conformal blocks in the comb channel are explicitly given by
G
(d,h2,h3,h4;p2,p3,p4)
5 (u
5
1, u
5
2, v
5
11, v
5
12, v
5
22) =
∑
{ma,mab}≥0
(p3)m1+m11+m22(p4 −m1)m2
×
(p2 + h2)m1+m12(p¯3 + h¯3)m1+m2+m11+m12+m22(p¯4 + h¯4)m2+m12+m22
(p¯3 + h2)2m1+m11+m12+m22(p¯4 + h¯3)2m2+m11+m12+m22
×
(−h3)m1(−h4)m2(−h4 +m2)m11
(p¯3 + h2 + 1− d/2)m1(p¯4 + h¯3 + 1− d/2)m2
× 3F2(−m1,−m2,−p¯3 − h2 + d/2−m1; p4 −m1, h3 + 1−m1; 1)
×
(u51)
m1
m1!
(u52)
m2
m2!
(1− v511)
m11
m11!
(1− v512)
m12
m12!
(1− v522)
m22
m22!
.
(4.1)
The result (4.1) is highly reminiscent of the result found in [16], but it is not the same. It
is possible to prove analytically that both results are equivalent using simple hypergeometric
identities.
By expanding the 3F2 as a sum as
3F2(−m1,−m2,−p¯3 − h2 + d/2 −m1; p4 −m1, h3 + 1−m1; 1)
=
∑
n≥0
(−m1)n(−m2)n(−p¯3 − h2 + d/2−m1)n
(p4 −m1)n(h3 + 1−m1)nn!
,
and using the simple identities
(−h3)m1−n
(p¯3 + h2 + 1− d/2)m1−n
=
(−h3)m1(−p¯3 − h2 + d/2−m1)n
(p¯3 + h2 + 1− d/2)m1(h3 + 1−m1)n
,
(p4 −m1 + n)m2−n =
(p4 −m1)m2
(p4 −m1)n
,
1
(m1 − n)!(m2 − n)!
=
(−m1)n(−m2)n
m1!m2!
,
the conformal block (4.1) can be re-expressed as
G
(d,h2,h3,h4;p2,p3,p4)
5 (u
5
1, u
5
2, v
5
11, v
5
12, v
5
22) =
∑
{ma,mab,n}≥0
(p3)m1+m11+m22(p4 −m1 + n)m2−n
×
(p2 + h2)m1+m12(p¯3 + h¯3)m1+m2+m11+m12+m22(p¯4 + h¯4)m2+m12+m22
(p¯3 + h2)2m1+m11+m12+m22(p¯4 + h¯3)2m2+m11+m12+m22
×
(−h3)m1−n(−h4)m2+m11
(p¯3 + h2 + 1− d/2)m1−n(p¯4 + h¯3 + 1− d/2)m2
×
(u51)
m1
(m1 − n)!
(u52)
m2
(m2 − n)!
(1− v511)
m11
m11!
(1− v512)
m12
m12!
(1− v522)
m22
(m22!)2
.
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Now we use the following identity,
(p4 −m1 + n)m2−n =
∑
j≥0
(m2 − n)!
j!(m2 − n− j)!
(p4)j(−m1 + n)m2−n−j,
with the change of summation variable j → m2 − j, to get
(p4 −m1 + n)m2−n =
∑
j≥0
(m2 − n)!(−j)n
(m2 − j)!j!
(p4)m2
(1− p4 −m2)j
(m1 − n)!
(m1 − j)!
,
Since the only other terms in the conformal blocks including n are
(−h3)m1−n
(p¯3 + h2 + 1− d/2)m1−n
=
(−h3)m1(−p¯3 − h2 + d/2)n
(p¯3 + h2 + 1− d/2)m1(h3 + 1)n
,
the sum over n simplifies to ∑
n
=
(p¯3 + h¯3 + 1− d/2)j
(h3 + 1−m1)j
.
Re-expressing the sum over j as a 3F2 leads to
G
(d,h2,h3,h4;p2,p3,p4)
5 (u
5
1, u
5
2, v
5
11, v
5
12, v
5
22) =
∑
{ma,mab}≥0
(p3)m1+m11+m22(p4)m2
×
(p2 + h2)m1+m12(p¯3 + h¯3)m1+m2+m11+m12+m22(p¯4 + h¯4)m2+m12+m22
(p¯3 + h2)2m1+m11+m12+m22(p¯4 + h¯3)2m2+m11+m12+m22
×
(−h3)m1(−h4)m2+m11
(p¯3 + h2 + 1− d/2)m1(p¯4 + h¯3 + 1− d/2)m2
× 3F2(−m1,−m2, p¯3 + h¯3 + 1− d/2; 1 − p4 −m2, h3 + 1−m1; 1)
×
(u51)
m1
m1!
(u52)
m2
m2!
(1− v511)
m11
m11!
(1− v512)
m12
m12!
(1− v522)
m22
m22!
.
which matches exactly with [16] after the proper re-definitions η1 → η5 and ηa → ηa−1 to match
the operator positions, which imply
u51 = u
R
1 , u
5
2 = u
R
2 , v
5
11 = v
R
1 , v
5
12 = v
R
2 , v
5
22 = w
R,
where the cross-ratios with superscript R are the ones defined in [16].
4.3. Limit d→ 1
It is also possible to verify the conformal blocks (2.8) by comparing with the d = 1 conformal
blocks obtained in [16].
First, it is important to bring up that in general spacetime dimension, the number of cross-
ratios for M -point correlation functions is usually stated as being M(M − 3)/2. However, due
to the restrictions encountered for any fixed spacetime dimension, the number of independent
cross-ratios is smaller than the usual value M(M − 3)/2 when M is large enough. Indeed, for
11
fixed spacetime dimension with large M , there are not enough spacetime dimensions to make
all cross-ratios independent. For example, in d = 3, there are two independent cross-ratios for
four-point conformal blocks, five independent cross-ratios for five-point conformal blocks, but only
eight independent cross-ratios for six-point conformal blocks instead of the usual nine. Generically,
one has
Ncr =
M(M − 3)
2
, M − 3 < d,
Ncr = d(M − 3)−
(d− 1)(d− 2)
2
, M − 3 ≥ d,
(4.2)
for the number of independent cross-ratios Ncr. The rationale behind (4.2) for M − 3 ≥ d is
simple. As usual, using conformal invariance three points are set at 0, 1 and ∞, fixing a line
in the d-dimensional space. There are thus (M − 3) remaining coordinates that can be placed
anywhere in the d-dimensional space, up to the rotations about the fixed line, which corresponds
to the term (d− 1)(d− 2)/2.
In one spacetime dimension, there are only M − 3 independent cross-ratios for M -point con-
formal blocks. In [16], those were defined as χa with 1 ≤ a ≤M − 3. By comparing their explicit
definitions with our definitions (2.4), it is easy to check that the cross-ratios used here are related
to the cross-ratios χa as follows
uMa → χ
2
a, 1 ≤ a ≤M − 3
vMab →

−1−
⌊a+1
2
⌋∑
n=1
(−1)n
a−2(n−1)∑
c1=1
a−2(n−2)∑
c2=c1+2
· · ·
a∑
cn=cn−1+2
n∏
i=1
χci+b−a


2
, 1 ≤ a ≤ b ≤M − 3.
(4.3)
Although it is not straightforward to check analytically, we did verify to some finite order in the
cross-ratio expansions that the (M ≤ 8)-point conformal blocks (2.8) with the substitutions (4.3)
reproduced the d = 1 conformal blocks obtained in [16].
Since the conformal blocks in d = 1 obtained in [16] are much simpler, it would be interesting
to find an analytic proof of the equivalence with (2.8). Such a proof could be useful in looking
for simplifications to the higher-point conformal blocks in fixed spacetime dimensions when some
cross-ratios are not independent.
5. Discussion and Conclusion
Our main results are given in (2.8) and (3.1). These formulas encode the M -point scalar conformal
blocks in the comb channel for any dimension d. This result was obtained using the embedding
space OPE approach for computing conformal blocks set out in [10,11]. This result passes several
consistency checks. In appropriate limits, it agrees with the results of [16]. Furthermore, when
12
one of the external operators is exchanged for the identity operator our expressions for an M -point
block reduces to that for an (M − 1)-point block.
There are several directions in which it might be interesting to extended these results. Starting
with M = 6, there are other configurations beyond the comb, in which some of the OPE vertices
are not directly connected to any external operators. The OPE formalism is not limited to the
comb channel, but can be applied to other cases as well. It would be interesting to see relations
between different topologies of the blocks if progress can be made in computing blocks of different
topologies efficiently. Likewise, it is feasible to compute higher-point functions containing exchange
operators with spin. At least some of such cases do not appear to be prohibitively complicated,
and in any case seem simpler than higher-point functions with spinning external operators.
The M -point blocks described in (2.8) and (3.1) are described by a complicated function of
the invariant cross-ratios. This function must have many remarkable properties that would be
worth studying. It is not clear if there are other choices of the invariant cross-ratios that may
make some of the properties of the blocks more apparent. For example, in the limit where one
of the exchange operators has dimension set to 0, neighboring operators must be forced to have
identical dimensions.
While for the four-point blocks the AdS/CFT correspondence has been used fruitfully, there
could be interesting applications of higher-point blocks. The connection between conformal blocks
on the boundary and the “geodesic Witten diagrams” has been established in [5].
Finally, knowledge of higher-point functions could be used in the bootstrap program. The
unitarity constraints that have lead to many powerful results delineating the space of consistent
CFTs, thus far, have been based on the positivity of the two-point functions. Obviously, there are
additional unitarity constraints that could be imposed and leveraged to further constrain CFTs.
It has also been suggested that studying M -point blocks with external scalar fields could be an
alternative for studying crossing equations containing external operators with spin [16].
Note added: During completion of this work a result for M -point blocks in the comb channel
appeared on the preprint archive [19]. That result was obtained using holographic methods
generalizing lower-point results by conjecture and subsequently verified (up to M = 7) using the
Casimir equation.
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